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ABSTRACT

This research aims to manage the risks of sprea@agpna-Virus over the world, by specifying theimal statistical
modeling to analyze the daily count of new casah@fCOVID-19, therefore discrete distributions ereded. A new
three-parameter discrete distribution has been iwpd named as a Discrete Marshall-Olkin Lomax (DAPI
distribution. Probability mass function and hazasate are discussed. Point estimation and confiddnterval by using
maximum likelihood estimation (MLE) for the DAPIlistdbution parameters are discussed. A numerid¢atg is done
using the daily count of new cases in Australia.nMoCarlo Simulation has been performed to evaldlagerestricted

sample properties of the proposed distribution.
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INTRODUCTION

In December 2019, Corona-Virus "COVID-19" was sdrtin Wuhan, China. On March 11, 2020, World Health
Organization (WHO) described COVID-19 as a pandef®ée Figure 1 and 2. Therefore, countries aroo@dvorld have

been increased their measures trying to decreassptiead rate of the COVID-19.

Americas 16,743,243
confirmed
South-East Asia 7,161,969
S confimed
Europe 5,937,969
confirmed
Eastern Mediterranean 2,430,239
__ confirmed
Africa 1,187,269 I I
- L il
Western Pacific 618,112 il "“I“,I“III||||||"I I

. L iR T u|

Source: World Health Organization
Data may be compu e for the current day or week

Flgure 1 The Situation for the Daily New Cases Owehe World by the WHO Region.
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Americas 559,471
deaths
Europe 237,773
deaths
South-East Asia 116,837
- cesms
Eastern Mediterranean 62,402
— deatns
Africa 25,984
- deatns
jrestern Pacine feam | LU
. | Ot 5

Source: World Health Organization

Jan 31 Feb 29 Mar 31 Apr 30 May 31 Jun 30 Jul 31 Aug 31 Sep 30
Data may ba incomplata for the current day sk

Figure 2: The Situation for the Daily New Deaths Oer the World by the WHO Region.

To model daily cases and deaths in the world, arabtliscrete Lindley distribution has been introgd by Al-
Babtain et al. (2020). A discrete Marshall-Olkimgealized exponential distribution has been intoeduby Almetwally et
al. (2020) to discuss the daily new cases of Egypé study was carried out by Hasab et al. (202®revthey used the
Susceptible Infected Recovered (SIR) epidemic dycsnof the COVID-19 pandemic for modeling of thevab
Coronavirus epidemic in Egypt. EI-Morshedy et aDZ0) studied a new discrete distribution, calletmte generalized
Lindley, to analyze the counts of the daily coranascases in Hong Kong and daily new deaths im. léan autoregressive
time series model based on the two-piece scaleumgixtormal distribution has been used by Malekalet(2020) to
forecast the recovered and confirmed COVID-19 caBhe daily new COVID-19 cases in China have beaedlipted by
Nesteruk (2020) and Batista (2020b) by using théhemaatical model, called susceptible, infected, mubvered (SIR).
Batista (2020a) used the logistic growth regressiodel is used for the estimation of the final sipe its peak time of the

coronavirus epidemic.

In inverse Lomax (IL) is originally developed aslitetime distribution. The IL is member of familyfo
generalized beta distribution. Kleiber and Kotz Q2P showed that IL distribution can be used in ewoics. The IL
distribution has many applications in modeling dfedent trends of hazard rate function (hrf), ,i.decreasing or upside-
down bathtub failure rate of life testing of compats. Many authors have studied more applicatignssing extended IL
distribution. Recently, ZeinEldin et al. (2020)died and introduced the alpha power extended ILI(ABistribution. The
CDF and PDF of APIL distribution with parameter8 and$ are given respectively, as
a[i"g:'_t _

F{.riu,i?,n’i]:T: rr0add=0asl (1.1)

and

In(a) 68 ( . ﬂJ‘S‘i (1287

Flera,9.8) = a2 w0 1.3)

e —1x?
Discrete Burr type XII and discrete Lomax distribas have been introduced by Para and Jan (201§¢rdie
Lomax (DL) distribution is helpful in modeling diste data which exhibits heavy tails and can bduuse medical

science and other fields. The PMF and CDF of Dtridlistion with parameterg and$ are given respectively, as

Jc'—i‘-l
s

s
P p,) = pialt+d) _pul(s+5), o My ® =00<P<1, (1.4)

F(xiP,8) = 1— P9, (1.5)
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The question may come to mind of any researchey. ddhwe need discrete distributions? Since In calata
analysis, we see the most of the existing contiautistributions do not set suitable results for alod) the COVID-19

cases. The cause for this as we know that courdeaths or daily new cases show excessive dispersio

In order to ensure members of the Australia sodietgn the risks arising from the spread of Cororia#¥ in
Australia, this study aims to model the daily neases and deaths of the COVID-19 employing a netisstal tool. An
aspect of the importance of research is the ndgesisimathematical and statistical modeling of éxent and spread of
the Coronavirus. The discrete alpha power invers@dx distribution will be introduced that can benoted as DAPIL

distribution.

The rest of the paper is organized as follows. éoti®n 2, the survival discretization method isdus@iscrete
alpha power inverse Lomax distribution and maximlikelihood estimation of DAPIL are introduced in cGien 3.
Section 4 deals with Simulation study by using lsind MSE to inference MLE estimator. Daily new caseCOVID-19
in the case of Australia are used to validate tbe af models in fitting lifetime count data are g@eted in Section 5.

Finally, conclusions are provided in Section 6.
SURVIVAL DISCRETIZATION METHOD

In the statistics literature, sundry methods ara@lable to obtain a discrete distribution from antiouous one. The most
commonly used technique to generate discrete loigioin is called a survival discretization methdidyequires the

existence of cumulative distribution function (CDBurvival function should be continuous and magative and times
are divided into unit intervals. The PMF of disereistribution is defined in Roy (2003, 2004) alfofws

FX=x)=Plx=X=x+1)=50) -5 +1);x =0,12,.., (2.1)

Where 5(x) = P(X¥ = x) = F(x: ), whereF(x: %) is a CDF of continuous distribution ar#l is a vector of

parameters. The random variailés said to have the discrete distribution if ifSFis given by

PX <x)=Flx+1; ).

Plx=x . . . . - .
The hazard rate is given bir(x) = jﬂx. The reversed failure rate of discrete distributis given as
Ply=a
rfr) =5

DISCRETE ALPHA POWER INVERSE LOMAX DISTRIBUTION

In this Section, we introduce a new flexible diserenodel, can be donated as discrete alpha powers@a Lomax
(DAPIL) distribution. Parameter estimation of DARdlistribution is discussed by using MLE.

The DAPIL Distribution

The continuous APIL distribution is introduced bgizEldin et al. (2020). The survival function, bEtAPIL distribution,
is given by

-t
\
2149

o« —
St e8.8)=———7—: x> 0988 >0,
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Using the survival discretization method and suwabifunction of APIL distribution, we define the PMF the
DAPIL distribution as given below

- -
) (149)

Plra.8.6) = — rx =012, .. 3.1)

_ 8
Let? = € “ther? = 2 < 1 the PMF can be rewritten as following

prleess) el

Plx;a,B.p) = p— - (3.2)

Figure 3 shows the PMF plots for different valuést® model parameters. From Figure 3, the PMFhef t

DAPIL distribution is unimodal and right-skewed.
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Figure 3: The PMF Plots of the DAPIL Distribution.
The CDF of the DAPIL distribution is given as below

i kil
= 1

o
Flx;a,8,p) = x € Ny,

-1 *
WhereHl, = {0.1,2, ... L. Survival function of the DAPIL distribution is\gn by

.
Inf1+—
o — P | .:+:.]I

Sl e, P pl =
(x: @ 9. p) p—

Thehr function of the DAPIL distribution is given by

Impact Factor (JCC): 5.3784 NAAS Rating 3.45



Discrete Alpha Power | nverse Lomax Distribution with Application of COVID-19 Data 53

. } len[i%} B th[ug}
hrix;ed. o) = - .
(1+353)

€N,
*ES (3.3)

I
o — of

By using Eq. (3.3), Figure 4 shows tH&F plots of the DAPIL distribution. It is noted thidte shape of thelRF

is increasing, left-skewed and decreasing.

zH““““IIIIII §|“||lllllllllllnm z:lllllllllmmg

Figure 4: The HRF Plots of the DAPIL Distribution.
Parameter Estimation

The unknown parameters of the DAPIL distributiore abtained by the maximum likelihood estimation @)Lmethod.
This method is based on the maximization of thelikglihood for a given data set, assume teat (x,,x.....x, )7 is a
random sample of size n from a DAPIt . #) distribution. By using Eq. (3.2), the log-liketibd function becomes
4 Q.8

}— |::F'1 =) :

i .
Tn| 14—
LR p:]' ==nlnlg - 1) + Z In [EIP | Fe
- (3.4)

Hence, the likelihood equations are

4 In(18—2— 8 o132
In(1+— - @ 2
ﬂ!(ﬂ_.ﬂ,p}_ n +z’1:p [i+1i+1 " L L+1}_1—p]ﬂ(i+-‘i]g-" L »
- T — :
e e—1 — chhl‘Hﬁ —[;F1HL1+?£}
wfoot) Plos),  mfesd) erd)
Alla. b, p) (@) Ing }i (e (14 1] (D)
— = = Inla}in{p - i J
7 =1 o . O
and
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8 1nf1-t ) [ 8 Inf122)
Infi+——)-1 | ! & Inf1+=)-1 | d)
) Y o [l Tl —1In (1 + _) ) Y o g Fi

M = Inlx) Z

Bo ; 1nli— 2 )
! i=1 +1

a0
1n|'1_?|:.'
el -

The estimate of the parameter by using MLE can lioed by a numerical analysis such as the Newton—
Raphson algorithm.
Asymptotic Confidence Intervals

In this subsection, we propose the asymptotic demite intervals (Cl) using MLE method to constrilngt confidence

intervals for the parameters. First, we obifi 3, £ which is the observed inverse Fishers informatiatrix and it is

defined as:
8% 1(a, 4, p)
der?
- 8 e, 8. p) 81, 8. p0)
nad,gl=—- : — .
( p) Bodd g1 (3.5)
8 1la.8.p) llad.p) 0 1(a, b, p)
Badp didp fpt

See second derivatives of the logarithm of thdiliked function as follows
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Suppose the asymptotic variance-covariance mattixeoparameters, &, g is

vigds)=1(ads)=lzz fz2z |
For interval estimation, 200({1 — )% confidence interval for parametar &, 2 can be constructed based on

the asymptotic normality of the MLE.
- — —
81 Zynesy/ s BtZges Hgg:i=12 and ﬁtzn.nzsﬂ”_ﬁ_ﬁ

SIMULATION STUDY

A simulation study is assumed to evaluate and coenftee behavior of the estimates with respect ¢ir thias and mean
square error (MSE). We generate 10000 random sampglgx.,..., of sizes,n = 50, 100, 150 and 200 from DAPIL

distribution. Different sets of parameters are igtd.

The MLE of @ and are computed. Then, the bias and MSE of stimates of the unknown parameters are

computed. Simulated outcomes are listed in Tabi2sdd the following observations are detected.
* The bias and MSE decrease as sample sizes indozadkestimates (see Tables 1-2).
e The bias and MSE of MLE for &, flestimate is increasing with increased and andifixe

» The bias and MSE of MLE fa%, g estimates are decreasing with increa3euhd fixedp, .
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Table 1: Bias, MSE and CI of Parameters of DAPIL Dstribution

Case

0.1%

0.45

Bias

MSE

L.CI

U.CI

Bias

MSE

L.CI

U.Cc1

Bias

L.CI

U.CI

a=03¢=15

02831

0.1280

0.1936

0.6004 | -0.3030

0.1641

0.3303

0.7242

0.4083

0.2331

0.4462

1.0433

01232

0.0374

1.0843

1.66%0 | -0.1502

0.1274

0.7130

1.6347

3124

0.6113

0.1704

2.1456

01118

0.0134

0.0203 | 0.0948

02763

0.0873

0.0332

0.3806

01310

0.0831

0.1288

1.2092

100

-0.3118

0.1120

0.0504 | 0.4268

-0.3418

0.1382

0.1234

0.4442

0.3382

02133

0.4366

1.0398

-0.1309

0.0286

1.1594 | 1.5738

-0.1918

0.0900

0.8538

1.7607

-0.4749

0.5298

0.4001

1.8502

01140

0.0133

0.0012 | 0.0708

-0.2889

0.0830

0.0291

0.2031

-0.2114

0.1232

0.03%0

1.1382

-0.3166

0.106¢

0.0082

03760 | -0.3332

0.1378

0.0773

0.3710

0.3276

0.2036

0.4433

1.0319

01340

0.0231

12002 | 13317

02039

0.0%08

0.3608

1.7313

04060

0.5038

0.3139

1.7019

-0.1138

0.0131

0.0095

0.0630 | -0.2002

0.0876

0.0464

02732

-0.1931

0.0948

0.1364

1.0774

200

-0.3160

0.1068

0.0202 | 0.3478

03579

0.1373

0.0430

0.3323

0.2893

0.1918

0.4569

1.0218

-0.1266

0.0232

12075 | 1.5393

-0.1874

0.0779

0.9068

1.7185

03527

0.4276

0.3465

1.7412

-0.1136

0.0131

0.0123

0.0604 | -0.2892

0.0863

0.0588

0.2628

-0.2302

0.1293

0.0281

1.1113

e =0.237=175

01431

0.033¢

0.1203 | 03342

01243

0.0514

02439

0.4%62

0.1799

0.1483

02379

1.0977

-0.08%2

0.0393

1.3108 | 2.0107

-0.2087

0.1417

0.9271

21336

04150

0.3810

0.4391

2.2308

-0.1039

0.0115

-0.0041 | 0.0962

02533

0.0748

0.0054

0.3938

-0.1942

0.1149

0.0611

1.1503

100

-0.1532

0.0280

0.0347 | 02282

-0.1536

0.0343

0.1046

0.2934

0.1754

0.1221

0.1383

1.0173

01061

0.0416

1.3026 | 1.9832

01831

0.1033

1.0464

2.0633

-.4786

0.4533

0.3382

22046

-0.1061

0.0113

0.0113

0.0766 | -0.2610

0.0722

0.0637

05143

-0.1841

0.0933

0.1298

1.1020

01563

0.0276

0.0166 | 02041

-0.1626

0.0316

0.0331

02279

0.1243

0.100¢

0.1934

02474

01118

0.0393

13142 | 1.9622

02382

0.1325

0.9725

2.0497

-0.5554

0.4728

0.39%6

1.93935

-0.1033

0.0113

0.0162 | 0.0728

-0.2633

0.0736

0.0742

0.2952

-0.2090

0.1010

01213

1.0606

200

-0.1561

0.0262

0.0100 | 0.1778

-0.1638

0.030¢

0.0311

0.1996

0.0224

0.0731

0.2632

0.8080

01229

0.0442

12924 | 19618

02205

0.1033

1.0708

1.6382

7133

0.6652

02404

1.8241

T DR || (R (R | |R DD RO D(R (| (R (|| R

-0.1063

0.0115

0.0161

0.0714 | -0.2638

0.0722

0.0835

0.2568

-0.2935

0.1411

0.0467

0.2662

Table 2: Bias, MSE and CI of Parameters of DAPIL Dstribution

0.15

0.45

Bias

MSE

L.CI

U.CI

Bias

MSE

L.CI

o
o
8

Bias

L.CI

2]
I
]
5n
h
I

I

-0.3942

0.4177

1.4074

24041

-0.7021

0.5689

12571

=]
(=]

-0.3976

0.1664

19234

-0.3360

03319

0.7338

25321

-1.0408

1.6432 | 0.5096

S ]
[ ]
=]
L=

-0.7379

1.1910

0.3146

20,0783

0.1590

0.0695

02684

03275

0.1247 | 01363

™

02744

0.1465

0.0023

-0.5063

0.2824

1.6770

23104

-0.6268

0.4270

1.5110

L i
e

-0.4048

0.1707

1.9332

100

402061

0.1274

12224

23635

-0.8039

0.9245 | 0.1617

b | k| e | b
Ba | ko] e
aa | La| oo

=
[}

-0.8236

1.0707

02572

-0.0781
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APPLICATION ANALYSIS

In this section, the DAPITL distribution is fittetd more famous fields of survival times of Covid-itOAustralia. We
compare the fits of the discrete Marshall-Olkin gi&tized exponential (DMOGEX) [Almetwally et al.020)] model,
discrete generalized exponential (DGEx) [Nekoukledwal. (2013)], natural discrete Lindley (NDL) [Blabtain et al.
(2020)], discrete Gompertz exponential (DGzEX) Ershedy et al. (2020)], discrete Burr (DB) [Krighand Pundir
(2009)], discrete Lindley (DLi) [Gémez-Déniz andI@axin-Ojeda (2011)], discrete Lomax (DLo) [Paral aan (2016)]

and Geometric models in Tables 3.

Table 3, provide values of AIC, CAIC, BIC, HQIC amaImogorov- Smirnov (KS) statistic along with i
value for the all models fitted based on real dahof Australia. In addition, this table contathe MLE and standard
errors (SE) of the parameters for the consideredetso The fitted DAPIL, PMF, CDF, PP-plot and Q@#pdf the data
sets of Australia are displayed in Figure 5. THag&res indicate that the DAPIL distribution geetlowest values of AIC,
CAIC, BIC, HQIC, KS and largest P-value, amondfigiéd models.

This is a COVID-19 data belong to Australia of 34, that is recorded from 3September to 40ctob20 2T his
data formed of daily new cases. The data are &sv®i6, 15, 59,11, 5, 9, 8,11, 7, 9,6,7, 6, 0,,8,%, 5, 2, 3,5, 2, 8, 1, 2,
3,7,4,2,2,3.

Table 3: ML Estimates, K-S, P-Values, AIC, CAIC, BIC and HQIC for COVID-19 Data in Australia Data

Estimate SE KS P-Value AIC CAIC BIC HQIC
o 0.0030 0.0039
DAPILo | @ 2.9569 1.4151| 0.1533| 0.4393| 190.4229 191.2801 194.8201 191.8805
P 0.0074 0.0121
¥ | 4.2572 2.7233
P q 7
DB - 08731 0.0781 0.4080| 0.0000| 218.2952 218.7090 221.2267 219.2669
Dl [ 0.7943 0.0231| 0.1620 0.3704 196.2441 196.3y74 098.7 196.7300
o 0.8287 0.0332
2 . .
DGE 3 18918 05451 0.1442| 0.5190| 195.3791 195.7928 198.3105 196.3508
o 2.6244 0.4757
DMOGE | # 0.0075 0.0089| 0.1885| 0.2056| 190.8208 191.6780 195.2180 192.2784
2] 0.0294 0.0190
Geom | g 0.1194 0.0198| 0.2546 0.031% 198.03B3 198.1666 290.4 198.5192
¥ | 28.3501 | 16.2203
£
Dlo - 00111 0.0253 0.2015| 0.1487| 200.152p 200.56%8 203.0834 201.1j237
NDL [ 0.1991 0.0226| 0.2382 0.0530 196.53p4 196.6637 9671.9 197.0162
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Figure 5: Estimated PMF, CDF, PP-Plot and QQ-Plot bDAPIL for COVID-19 data in Australia Data.

CONCLUDING REMARKS

In this article, with the aim of managing the risk spreading Coronavirus in Australia, we proposed studied the

discrete Marshall-Olkin Lomax distribution. The nmaxm likelihood estimation method is discussed s$tingate the

parameter of DAPIL distribution. Monte Carlo Simiidas are obtained to evaluate the restricted sapiperties of the

DAPIL distribution. We prove empirically that theAPIL model reveals its superiority over other cotitpee models as

Marshall-Olkin generalized exponential, discreteeyalized exponential, natural discrete Lindleyscoéte Gompertz

exponential, discrete Burr, discrete Lindley, déerLomax and Geometric for analysis daily new sag¢he COVID-19
in the case of Australia. These figures indicatg the DAPIL distribution gets the lowest valuesA€, CAIC, BIC,
HQIC, KS, and the largest P-value, among all fitteatlels.
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